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75 Trigonometric Substitutions

1. Let x = 2sin®. Then dx = 2cos6 d0.

/\/4_xzdx:/ V4 —4 sin>02cos8 d6
_ / VA cos202cosf db

= / 4cos”>0d0

—/ ( (14+cos( 26))>d6
—2 / d0+2 / cos(26)d0

_ g +251n(29)
=20+sin(20)+C
=2sin"! (g) +2sinBcosO+C

1/4__ 2
=2sin”! (%) +x 5 a

+C

+C

2. Let x = 3tan®. Then dx = 3sec?0 d6.

/ 1 dr— 3sec?0 46
V9 +x2 v9+9tan? 0
3(sec?8) 40

Osec?0
3(sec?8)
= | ———=db
/ 3secH
—/secede
= In|sec 6+ tan0|+-C

9+x24+x|4+C

3. Let x = sin®. Then dx = cos 0 d06.
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X3 sin>0cos0
/7dx:/7d6
V1—x? V1 —sin’0

.3
:/sm Gcosﬂde
cos0

= /sin3ede

— / sin8(sin’0)d0
:/sin(l—cos29)d6

:/sin de—/sin6c0529d6

30
:—cose—i-cos +C
3
(vi—e)
= 1 x%LerC
1— 2 /1_ 2
=— 1—x2+( x)3 T ic

VIi—x2 x¥*V1-x2
— V12 - c
X 3 3 +
2V1I=x2 Z2V1-x2

= C
3 3 +
1
4, \/1-9x2=3 §—x2
Then x = %sine and dx = %cos@ do.
1 1
dx—/ dx
V1 —9x2 3./L_ 2

_1 %cose
3 é—;sinze

_1 %cose
3 écosze
1 %cose

3 %cose
1

=—[d0
3/
1

=-0
3

1
=3 sin”'(3x) 4+ C

5. Let x = 2sin0. Then dx = 2cos®0.
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/x3 \/4—x2dx:/85in36 V4 —45sin?02cos0 dO
_ / 85in’0 4 cos202cos0 do

= / 8sin> 04 cos” 0 dO

—/( 1+c0526))>d6
) / d6+2 / c0s(20)d6

_ 26+ 2sm(29)
2
=20+sin(20) +C

=2sin~ (x) +2sinBcos®+C

Va—x2
2

+C

+C

=2sin" < )—i—x

6. Let x = 6secO. Then dx = 6secOtan 0 d0.

/ 6secOtan0

36sec20/36sec? 0 — 3
6tan©

- 36secH x 6tan 0O
1 1
_%/secede
1
:%/cosede

1
%sme—i-C

1
k=
x2v/x2 =136

Now sec = % and thus, cos9 = 2

Then
sin0 = 1 —cos’0
sin@ = 4/1— 3—?
X
_ x2—36
= 2
B x2—36
- X
1 _ 1 V/x2=36
Thus, fmdx =3 x +C

7. Let x = 5tan®. Then dx = 5sec?0 d6.
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1
/ (x> + 25)2dx B

m)“

WWW.C

1
dx

5sec’®
sec 70

V25 + tan? 6 4 25)4
_ SSec 6
5sec9

:/625sec29
1 2
_E/COS 0 do

<6 + l sm29>

6 1
2 + 42s1n90059> +C

= 5500 1(%) * 1;5 <1> (\/x2x+25> <\/x25+25>
1

(D) (55s)

8. Let x = 4sin0O. Then dx = 4cos06 d06. For x =0,

4 5
/x3 V16 — x2dx = /64 sin®0 v/ 16 — 165in? 0(4cos 0)dO
0

9. Letu = ¢*. Then du = €* dx.

Let u = sin®. Then du = cos 0 d6.
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(S}

= / 64sin’ 0(16cos® 0)dO

A

— 1024 / sin’ 8(cos’ 0)d0

5 3

11

=1024 | — =+ =

(5+3)
2048
15

5 3g\ 2
_ 1024 (cos 0 cos 9>
0

0 1
/e)C V1 —eZdx = / v 1—u2du
—T e*'ﬂ

.org


http://www.ck12.org

www.ck12.org Chapter 7. Integration Techniques, Solution Key

The integral becomes

02 02
/\/l—sinzecose dGz/cochosedG
01

01

92
_ / c0s20 d0
01

0 sin(20) |6
0, sini29))

2 4 0
0 1 0
= 5 + Esinecosﬂ 1

01

10.

y=Xx
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1
SA = 2n/x2(1 + (2x)%)dx

0
1

= 2n/x2(1 +4x%)dx
0

1 1 1
=27 | —x(1+4:2)2 — —x /1 +4x2 — @+ V1 —i—4x2)]

|16 32

— (14+4) — L VTTa— (24 \/m)}

1
|16 32 64

5 1 1
—on E\f—ﬁ\@—aln(%ﬁ— \/1+4>]

1
0

=27

[9 |
=25 Vi n <2+ \/1+4)}
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