3.3. The First Derivative Test
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- The First Derivative Test

1. The function is increasing on (0, 3). The function is decreasing on (3,6). The function is constant on (6, o).

2. The function is increasing on (—e,0) and (3,7). The function is decreasing on (0, 3).

3. a. Draw tangent lines to the graph to help you solve these problems.

f(=3) is positive. f'(—3) > 0.

b. f'(1) is negative. f/ (1) <O0.
c. f/(3)=0

d. f'(4) is positive. f'(4) > 0.
4,

Find the critical values.

S (x) is undefined for x = 0.

Set up the intervals and make a table. Find test points to substitute into the derivative and check the sign of the

derivative.

Interval

Test point x = ¢
f'(c)

sign of f'x
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(—3/@,0) (0, +o0)

c=-0.1 c=1

024 5 =99.8 241=3
(=0.1)

fx)>0 fl(x)>0
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By the First Derivative Test, f’ changes from negative to positive at x = — v/0.5. The critical value of x = — v0.5is a
local minimum. The function decreases on (—oo, —V 0.5) and on (0, 4o0). The function increases on (— N 0.5, O) .

Find the critical values.

Interval

Test point x = ¢

f(x)=5 (x2 — 1)4 (2x)

f'(c)
Sign of f' (x)

\ 4

5(2-1)*(2x)=0
(P?—=1)"=00r2x=0
xX*—1=0o0rx=0

x=lorx=—1lorx=0

(_170)
c=-0.5

5 ((—0.5)2 - 1)4 (2% (~0.5))

=5(—0.25—-1)*(-1)
f(x) <0
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Interval

Test point x = ¢

fl(x)=5 (x2 — 1)4 (2x)

f'(e)
Sign of f’ (x)

(0,1)
c=0.5

5 ((0.5)2— 1)4(2>< (0.5))
=5(0.25—1)*(1)

f(x)>0
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By the First Derivative Test, there is an absolute minimum at x = 0. The function is decreasing on (—eo, —1) and on
(—1,0). The function is increasing on (0, 1) and on (1, +eo).

AY

3__

Find the critical values.
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4(2-1)° (20 =0
(2-1)’=0or2x=0
X*—1=0o0rx=0

x=lorx=—lorx=0

f()
f(=1)
f(0)

I
- o o
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Interval

Test point x = ¢

flix)=4 (x2 — 1)3 (2x)

f'(e)
Sign of f (x)

Interval

Test point x = ¢

flix)=4 (x2 — 1)3 (2x)

Chapter 3.

(0,1)
c=0.5

4(@5%-4)%2xm5»

Applications of Derivatives, Solution Key

(_170)
c=-05

4 ((—0.5)2 - 1)3 (2% (—0.5))
=4(-1.25)*(-1)
f(x)<0

4(22-1)(2x2)

f'(c) =4(-1.25)° (1) =5(4-1)*@4)
Sign of f” (x) f(x)<0 ff(x)>0
By the First Derivative Test, there are absolute minimum at x = —1 and x = 1. The function is decreasing on

(—oo,—1) and on (0, 1). The function is increasing on (—1,0) and on (1, +eo).

Find the critical values.

Ay
34

flx)= —xr—4x—1
ff(x)=-2x—4

—2x—4=0

—2x=4

f(=2)=—-4-4(-2)—1=-448-1=3
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Interval (—o0,—2) (=2, 4c0)
Test point x = ¢ c=-3 c=0
f(x)=—2x—4 —2(-3)—4 —2(0)—4
f(c) =6—4=2 —0—4=—-4
Sign of f' (x) ff(x)>0 f(x)<0

The function is increasing on (—oo, —2). The function is decreasing on (—2,+oc0).

b. By the First Derivative Test, there are absolute maximum at x = —2 with f(—2) = 3.
c.
Ay
31
2.
1 E
X
-4 8 2 -1 1 2 3 4
-11
=94
-3
8. a

fx)=x>+3x> —9x+1
f(x) =3x*+3x—9

Find the critical values.

x+3=00rx—1=0

x=-3orx=1

f(=3)=3>+3(3)>—9(3)+1=28
f(1)=143-9+1=—4
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Interval (—o0,—3)

Test point x = ¢ c=—4

f(x) =32 +3x—9 3(—4)>+3(4)-9
f'(c) =48+12—-9 =51
Sign of f” (x) ff(x)>0

Chapter 3. Applications of Derivatives, Solution Key

(1,4-o0)

c=3
3(3)°+3(3)—9
=2749-9=27
fx)>0

The function is increasing on (—oo, —3) and on (3, 4-o0). The function is decreasing on (—3,1).

b. There is a relative maximum at x = —3 with f (—3) = 28. There is a relative minimum at x = 1 with f (1) = —4.

C.

1 1 1 Ll L1 1] X

Find the critical values.

L
T
101

| S Py I [ O
1121314151617 1819
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5 10
gx% — ?x_% — O
5 10
x% <3x§ — 3x_;> =0
5 10
2x——=0
3773
5 10
k= —
3 3
x=2
f(x)= %x% - ?x_% is undefined for x = 0.
Interval (—e0,0) (0,2) (2,4o0)
Test pointx = ¢ c=-1 c=1 c=

rw=ViE+6-5(53:) VEree-9(55) Vorsa-a(53) Yerve-s(53)

() :1+6<§) :1-4(?) =4 (3)2—2<3?/§ =53
sign of £ (x) f(x)>0 f(x)<0 ff(x)>0

The function is increasing on (—eo,0) and on (2, 4o0). The function is decreasing on (0,2).

b. There is a relative maximum at x = 0 with f (0) = 0. There is a relative minimum at x =2 with f (2) = 23

-3 (2%).

C.

(2-5)=
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10.
fx)=2xVa2+1=2x(x*+ 1)%
f(x)=2x [; (x* + 1)’% (2x)} + (2 + 1)% (2)

2
X
= ———— 422241
2vVx2+1

Find the critical values.

There are no solutions for f’ (x) =0 and f’ (x) is defined for all x. That means the function is increasing or decreasing
everywhere. We can check for increasing or decreasing on the entire interval (—eo,o0).

Interval (—o0,00)
c

Test point x = ¢

2 2

, X 0
X)= ———+2vVx2+1 ———— +2v/02+1

f ) 2vVx2+1 2vV02+1

f(c) =0+2

Sign of f'(x) f(x)>0

The function is increasing on (—eo, ).

b. There are no maximums or minimums.

C.

2xsqrt(x*-1)

N A O © o
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